Based on the Buşneag's model ([2, 3, 4]), the notion of pseudovaluations (valuations) on a BE-algebra is introduced, and a pseudometric is induced by a pseudo-valuation on BE-algebras. Related properties are investigated, and conditions for a real-valued function on a BE-algebra to be a pseudo-valuation are discussed. Using the notion of (pseudo) valuation, we show that the binary operation in BE-algebras is uniformly continuous.
Introduction
In [7] , Kim and Kim introduced the notion of BE-algebras which are a generalization of BCK-algebras. Related algebras, for example, BM-algebras, BF-algebras, BH-algebras, CI-algebras (as a generalization of BE-algebras), B-algebras, BF-algebras etc. are discussed in the papers [6] , [11] , [5] , [8] , [10] , [11] , respectively. (Fuzzy) ideal theory in BE-algebras is dealt with in the papers [1] and [9] . Buşneag [3] defined pseudo-valuation on a Hilbert algebra, and proved that every pseudo-valuation induces a pseudo metric on a Hilbert algebra. Also, Buşneag [4] provided several theorems on extensions of pseudo-valuations. Buşneag [2] introduced the notions of pseudo-valuations (valuations) on residuated lattices, and proved some theorems of extension for these (using the model of Hilbert algebras ( [4] )).
In this paper, using the Buşneag's model, we introduce the notion of pseudo-valuations (valuations) on BE-algebras, and we induce a pseudo-metric by using a pseudo-valuation on BE-algebras. Based on the notion of (pseudo) valuation, we show that the binary operation * in BE-algebras is uniformly continuous.
Preliminaries
Let K(τ ) be the class of all algebras of type τ = (2, 0). By a BE-algebra we mean a system (X; * , 1) ∈ K(τ ) in which the following axioms hold (see [7] ):
A relation "≤" on a BE-algebra X is defined by (∀x, y ∈ X) (x ≤ y ⇐⇒ x * y = 1).
(2.1)
A BE-algebra (X; * , 1) is said to be transitive (see [1] ) if it satisfies:
A BE-algebra (X; * , 1) is said to be self distributive (see [7] ) if it satisfies:
Note that every self distributive BE-algebra is transitive, but the converse is not true in general (see [1] ).
A nonempty subset I of a BE-algebra X is called an ideal of X (see [1] ) if it satisfies: 
3 Pseudo-valuations Definition 3.1. A real-valued function ϕ on a BE-algebra X is called a pseudovaluation on X if it satisfies the following two conditions:
A pseudo-valuation ϕ on a BE-algebra X satisfying the following condition:
is called a valuation on X. Then X is a BE-algebra (see [1] ). Define a real-valued function ϕ on X by ϕ = 1 a b c 0 1 3 3 . Then ϕ is a pseudo-valuation on X.
Lemma 3.3 ([7, 8]).
If X is a BE-algebra, then
Proof.
(1) Let y, z ∈ X be such that y ≤ z. Taking x = 1 in (3.2) and using (BE3) and (3.1), we have
Using (2.1) and Lemma 3.3(2), we have
Corollary 3.5. Every pseudo-valuation ϕ on a BE-algebra X satisfies the following inequality:
Proof. It follows from Proposition 3.4(2), (BE1) and (3.1).
Proposition 3.6. If ϕ is a pseudo-valuation on a BE-algebra X, then
Proof. Taking y = 1 and z = y in Proposition 3.4(3) and using (BE3) and
We now provide conditions for a real valued function on a BE-algebra X to be a pseudo-valuation on X.
Theorem 3.7. Let ϕ be a real-valued function on a BE-algebra X such that
(1) if ϕ(a) ≤ ϕ(x) for all x ∈ X, then ϕ(a) = 0, (2) (∀x, y ∈ X) (ϕ(x * y) ≤ ϕ(y)), (3) (∀x, y, z ∈ X) (ϕ((x * (y * z)) * z) ≤ ϕ(x) + ϕ(y)).
Then ϕ is a pseudo-valuation on X.
Proof. Using (BE1) and (2), we have ϕ(1) = ϕ(x * x) ≤ ϕ(x) for all x ∈ X, which implies from (1) that ϕ(1) = 0. Now, using (BE3), (BE1) and (3), we
for all x, y, z ∈ X. Therefore ϕ is a pseudo-valuation on X. 
then ϕ is a pseudo-valuation on X. Proof. Let x, a ∈ X. Using (BE1), (BE2), (BE4), (3.1) and (3.6), we have
Theorem 3.9. If ϕ is a pseudo-valuation on a BE-algebra X, then
Since X is transitive, taking x = b, y = a * x and z = x in (2.2) implies that
It follows from (BE4), (3.1), (3.6) and (3.
Using Corollary 3.8, we conclude that ϕ is a pseudo-valuation on X.
Proposition 3.11. If ϕ is a pseudo-valuation on a BE-algebra X, then
by (3.1), (3.6) and Proposition 3.4(3).
Theorem 3.12. Let ϕ be a real-valued function on a transitive BE-algebra X.
If ϕ satisfies conditions (3.1) and (3.8), then ϕ is a pseudo-valuation on X.
Proof. Using Lemma 3.3(2), we have a * ((a * x) * x) = 1, which implies from (2.1) that a ≤ (a * x) * x for all a, x ∈ X. It follows from (3.8) that ϕ(x) ≤ ϕ(a * x) + ϕ(a) for all a, x ∈ X. Using Theorem 3.10, we conclude that ϕ is a pseudo-valuation on X.
Proposition 3.13. Let X be a transitive BE-algebra. Every pseudo-valuation ϕ on X satisfies the following inequality:
Proof. Since y * z ≤ (x * y) * (x * z) for all x, y, z ∈ X and since ϕ is order reversing, it follows from (3.
Theorem 3.14. If ϕ is a pseudo-valuation on a BE-algebra X, then the set
Proof. Since ϕ(1) = 0, we have 1 ∈ I. Let x, y, z ∈ X be such that y ∈ I and x * (y * z) ∈ I. Then ϕ(y) = 0 and ϕ(x * (y * z)) = 0. It follows from (3.2) that ϕ(x * z) ≤ ϕ(x * (y * z)) + ϕ(y) = 0 so that ϕ(x * z) = 0. Hence x * z ∈ I, and therefore I is an ideal of X by Lemma 2.1.
The following example shows that the converse of Theorem 3.14 may not be true, that is, there exist a BE-algebra X and a mapping ϕ : X → R such that (1) ϕ is not a pseudo-valuation on X, Then X is a BE-algebra (see [7] ). Define a real-valued function ϕ on X by ϕ = 1 a b c d 0 0 0 0 3 1 2 . Then I := {x ∈ X | ϕ(x) = 0} = {1, a, b} and it is routine to verify that I satisfy conditions (2.4) and (2.5). Hence I is an ideal of X. But ϕ is not a pseudo-valuation on
For a real-valued function ϕ on a BE-algebra X, define a mapping d ϕ : We say d ϕ is the pseudo-metric induced by pseudo-valuation ϕ. 
Proof. 
(2) It is similar to the proof of (1). (3) It is trivial since d ϕ is pseudo-metric. , y), (a, b) ). Therefore (X × X, d * ϕ ) is a pseudo-metric space. 
Theorem 3.18. For a real-valued function ϕ on a BE-algebra
X, if d ϕ is a pseudo-metric on X, then (X × X, d * ϕ ) is a pseudo-metric space, where d * ϕ ((x, y), (a, b)) = max{d ϕ (x, a), d ϕ (y, b)} for all (x, y), (a, b) ∈ X × X. Proof. Suppose d ϕ is a pseudo-metric on X. For any (x, y), (a, b) ∈ X × X, we have d * ϕ ((x, y), (x, y)) = max{d ϕ (x, x), d ϕ (y, y)} = 0 and d * ϕ ((x, y), (a, b)) = max{d ϕ (x, a), d ϕ (y, b)} = max{d ϕ (a, x), d ϕ (b, y)} = d * ϕ ((a, b), (x, y)). Now let (x, y), (a, b), (u, v) ∈ X ×X. Then we have d * ϕ ((x, y), (u, v))+d * ϕ ((u, v), (a, b)) = max{d ϕ (x, u), d ϕ (y, v)} + max{d ϕ (u, a), d ϕ (v, b)} ≥ max{d ϕ (x, u) + d ϕ (u, a), d ϕ (y, v) + d ϕ (v, b)} ≥ max{d ϕ (x, a), d ϕ (y, b)} = d * ϕ ((x
